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We study the longitudinal sound propagation in the electronic nematic Fermi liquid where the 
Fermi surface is distorted due to the spontaneously broken rotational symmetry. The behavior of 
the sound wave in the nematic ordered state is dramatically different from that in the isotropic 
Fermi liquid. The collective modes associated with the fluctuations of the Fermi surface distortion 
in the nematic Fermi liquid leads to the strong and anisotropic damping of the sound wave. The 
relevance of the nematic Fermi liquid in doped Mott insulator is discussed. 



PACS numbers: 



a. Introduction There are compelling experimental 
evidences that inhomogcncous or anisotropic collective 
phases exist in strongly correlated electron systems. The 
charge ordered phase - called stripes - was directly 
observed via the electron diffraction images in transi- 
tion metal oxides such as manganite, La 1 _ 2 .Ca a; Mn03.|^] 
The neutron scattering experiment^) supports the 
existence of the stripe phase in high temperature 
superconductors. jH The transport measurements on the 
ultra-clean two dimensional electron systems with high 
magnetic field reveals the anisotropic metallic state, 
which suggests the existence of a novel anisotropic collec- 
tive phase. Q The theoretical studies have focused on a 
unidirectional charge or spin density waves with broken 
translational symmetry - called smectic phase - which 
can be viewed as the coupled one-dimensional Luttinger 
liquid. |5| A nematic state with broken rotational symme- 
try has been considered as the melted smectic phase due 
to the topological defects such as dislocations. While this 
is a natural route to achieve the nematic state [[|, we are 
still lack of the mathematical formalism to describe the 
quantum phase transition from the electronic smectic to 
nematic state. 

Recently, a different route to the nematic state was 
proposed in Q . A microscopic theory of the electronic 
nematic phase proximate to an isotropic Fermi liquid was 
discussed from the weakly correlated side. It was shown 
that the quadrupolar density-density interaction with a 
negative coefficient leads to the nematic Fermi liquid 
which breaks the rotational symmetry. As a consequence 
of the broken rotational symmetry, the Fermi surface is 
elongated like an ellipse. We call the major axis of the el- 
liptical Fermi surface the principal axis. The fluctuation 
of the principal axis of the Fermi surface is associated 
with the collective mode. The Goldstone mode which is 
the transverse fluctuation of the principal axis is over- 
damped in the ordered phase due to the Landau damp- 
ing. It was shown that the coupling of quasiparticles 
to the Goldstone mode leads to the breakdown of Fermi 
liquid theory. H The pairing instability in the nematic 
Fermi liquid was also studied in It was shown that 
the Goldstone mode mediates the pairing between elec- 
trons with different spins (or pseudospins), despite the re- 
pulsive quadrupolar density-density interaction between 



electrons with different spins. The structure of the gap in 
the paired nematic state was identified with four nodes on 
the Fermi surface. The gap vanishes exponentially near 
the nodes which suggests the nontrivial effect on the ther- 
modynamic quantities in a nematic superconductor.^) 

In this paper, we study the longitudinal sound propa- 
gation in the nematic Fermi liquid where the Fermi sur- 
face is distorted due to the spontaneously broken rota- 
tional symmetry. In the absence of the coupling to the 
collective modes, the sound velocity shift is reduced in the 
ordered state compared to that in the isotropic Fermi liq- 
uid. Its reduction is anisotropic, and it is maximum along 
the symmetric directions, the major and minor axes of 
the elliptical Fermi surface. The collective modes couple 
to the stress tensor, which affects the dynamics of the 
sound propagation. Since the Goldstone mode is over- 
damped in the nematic state, its coupling to the sound 
wave results in the strong damping of the sound except 
along the symmetric directions. The coupling to the am- 
plitude mode leads to the additional sound attenuation. 

The paper is organized as follows. We review the gen- 
eral formula of the auto-correlation functions to compute 
the sound velocity shift and the sound attenuation in sec- 
tion 2. We show how sound propagates in the nematic 
state without taking into account the coupling to the col- 
lective modes in section 3, which is presented to compare 
with the main results shown in section 4. In section 4, 
the coupling between the sound wave and the collective 
modes is considered, which leads to the strong damping 
of the sound wave. We summarize the results and dis- 
cuss the relevance of the nematic state to a doped Mott 
insulator in the context of change of sound attenuation 
in section 5. 

b. Auto- correlation function in collisionless regime 
In the collisionless regime, the sound can propagate due 
to the molecular field caused by the surrounding medium 
which produces the stabilizing force. In solid, the lattice 
vibration due to externally applied sound waves induces 
a scalar potential, which acts as an external perturbation 
to the electron system. The relation between the stress 
tensor and the dynamics of the sound waves is extensively 
discussed in the work of Kadanoff and Falko.Q Thus we 
present a brief summary of the auto-correlation function. 

For the longitudinal sound wave, the sound velocity 
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shift, SCi, and the attenuation, a;, at low frequencies can 
be computed from the auto-correlation function, {[hi, hi]) 
as follows. 
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C; is the sound velocity, and m lon and m are the mass 
of ions and the mass of electron, respectively. n(v,i) 
is the density operator, and is the stress tensor op- 
erator. The auto-correlation function, ([t^, Ty]}, of the 
stress tensor r,j is defined as 

([^•,Ty])(r-r',t-i') = -*0(t-O<Mr,t),Ty(r',t / )]} • 

(4) 

Here the stress tensor, is written as 
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where i s the electron creation operator with spin ct. 

c. Sound propagation in a nematic Fermi liquid We 
consider the following Hamiltonian for a two dimensional 
fcrmion system. 



H 



d 2 r^(r)e(V)T/v(r) 

d 2 rd 2 r'F 2 (r - r')Tr[Q CT (r)Q CT (r')] (6) 



where e(V) is the kinetic energy operator. The matrix 
quadrupolar density of the fermions is defined as 

The interactions, -F2(q) between the fermions, is given by 

F 2 



F 2 (<i) 



1 + nq 2 



(8) 



The details of the form of the interaction do not matter 
in describing the occurrence of the nematic Fermi liquid, 
as far as the short range interaction is concerned. 

Under the condition F^ 1 + N(0)/2 < 0, the nematic 
order occurs. Using the mean-field approximation, the 
band dispersion in the nematic state is given by 

a = v F •k(l + a(fc/fc F ) 2 )+A/'cos(2(9 fc ), (9) 



where k is measured from the Fermi surface, and TV is 
is determined from the expectation value of the order 
parameter (Q xx ) at the saddle point as follows, pi 



(Qxx) = ^cos(20 fc )/(£ k )=A^(O) - 
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where tF — wf^f, and N{0) is the density of state. Note 
that the principal axis of the distorted Fermi surface is 
set as x. 

Using the single particle Green function in the nematic 
state given by, 



CT^k) = 



a, 
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the auto-correlation function of the stress tensor can be 
obtained as follows. 
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where 9 and (j> are the angles of k and q from the i-axis, 
respectively, and s = u>/ {vf\<i\). The density-density cor- 
relation function, {[n, n}) and the cross term {[tu, n]), are 
smaller than the correlation function of stress tensor by 
(Ci/vf) 2 and (Ci/vf) a , respectively. Notice that the ra- 
tio of the sound velocity (C/) and the Fermi velocity (vp), 
Ci/vf << 1 in a metal. Therefore, the sound velocity 
change is given by 
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where A/ = N(0)p' F /(4:m 2 mi on ). The above result in 
the limit, TV — > 0, recovers the sound velocity shift in 
the isotropic Fermi liquid when the long-range Coulomb 
interaction is not taken into account. |ll| 

We find that without taking into account the coupling 
to the collective modes, the sound wave is weakly damped 
just like the situation in the isotropic Fermi liquid state 
which is order of Xi{Ci/vp)- However, the anisotropic 
reduction of the sound velocity shift occurs in the nematic 
ordered state. The reduction of the sound velocity shift is 
maximum when the wave vector q is along the major and 
minor axes of the Fermi surface — the angle, cj> between 
the wave vector q and the principal axis of the distorted 
Fermi surface, x, is along the major axis, and 7r/2 along 
the minor axis. 

d. Coupling to the collective modes In the nematic 
ordered state, there are two collective modes associ- 
ated with the fluctuations of the distorted Fermi sur- 
face. Since the collective modes couple to the sound wave 
through the stress tensor, the auto-correlation function is 
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renormalized due to the coupling to the collective modes, 
which can be written as 



M ) = ([„„„,]>»+ E M"<.wi>«w,M> 

i=-UI 



(14) 

where 5Af± and AA/ji are the transverse and longitudinal 
fluctuations of the distorted Fermi surface, which corre- 
sponds to the Goldstone and amplitude modes, respec- 
tively. 

coupling to the Goldstone mode The stress ten- 
sor directly couples to the Goldstone mode which is the 
transverse fluctuation of the principal axis of the Fermi 
surface in the nematic ordered state. The Goldstone 
mode does not couple to the uniform density in the static 
regime, because the nematic order preserves the local vol- 
ume. — there is no change of the volume of the Fermi 
surface in the nematic ordered state. 

The correlation function of the stress tensor and the 
Goldstone mode, 6Af±, is given by 
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On the other hand, the Goldstone mode propagator is 
obtained as0 

([SMx, SAfx]) = - isN(Q) sin 2 (20) + 0(s 2 ). (16) 

It is important to notice that the Goldstone mode is over- 
damped due to the anisotropic Landau damping. There- 
fore, the coupling to the Goldstone mode can be written 



F 2 (q)([hi , <SA/jl]> ( [6Afx ,hi\) F 2 iV(0) 2 sin 2 (20)pf 



l-F 2 (q)([SAfx,5Afx}) 4m 2 
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nq 2 + isF 2 N(0) sin 2 (20) 
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where we use the mean field equation, F 2 1 — 
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The sound attenuation is strongly enhanced via its cou- 
pling to the Goldstone mode, and it is given by 



af ps A; sin 2 (20) 
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(18) 

The longitudinal sound wave attenuation is anisotropic, 
because the Goldstone mode is the transverse fluctua- 
tion of the orientational order. The sound wave does not 
couple to the Goldstone mode when the wave vector of 



the sound wave is parallel to the symmetric directions of 
the Fermi surface, i.e., when = and tt/2. The other 
angle of the sound wave is heavily damped due to the 
coupling to the overdamped Goldstone mode. 

The presence of the lattice induces a finite gap in the 
Goldstone mode, and the size of the gap depends on the 
details of the structure of the lattice. We do not consider 
a finite gap in the Goldstone mode, which quantitatively 
reduces its effect on the damping of the sound attenu- 
ation. However, the main conclusion of the strong and 
anisotropic damping of the sound wave does not change, 
because the effect of Goldstone mode in the presence of 
lattice is similar to that of amplitude mode which also 
leads to a large damping of the sound wave compared to 
that of the isotropic Fermi liquid. This is presented in 
the following subsection. 

coupling to the amplitude mode The sound wave 
couples to the amplitude mode which is the fluctuation 
of the magnitude of the overall Fermi surface distortion. 
The amplitude mode also couples to the density, but this 
coupling is smaller than the stress tensor, r by order of 
s 2 = (Ci/v 2 F ) « 1. The stress tensor and the amplitude 
mode correlation function is given by 



cos (20)AT(O)p| 
2m 
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2is + 0(s 2 ) 
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and the propagator of the amplitude mode is obtained 
as[|, § 

([6Af h SM\\]) = F. 2 7 1 -2AF 2 - 1 -isN(0) cos 2 (20), +0(s 2 ), 

(20) 

where 2A is the gap of the amplitude mode and it is given 
by F 2 N(0) 3 '* f i . The coupling to the amplitude mode is 
written as 

F 2 (q){[hi,SAf ll })([SAf [l ,hi}) _ F 2 N(0) 2 cos 2 (2(j ) )p F 
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The additional and anisotropic sound attenuation, a?, 
occurs due to the coupling to the amplitude mode, which 
is given by 



at ps 4Aj cos 2 (20) 



2A + nq 2 \v F 



(22) 



The extra sound attenuation due to amplitude mode, a" 
depends on the microscopic interaction as well as the 
presence of the lattice, but it is clear that it can be large 
compared to that of the isotropic Fermi liquid which is 
order of Xi(Ci/vf)- The coupling of the sound wave to 
the amplitude mode is maximum, when the wave vector 
q is along the symmetric directions, while the coupling of 
the sound wave to the Goldstone mode is absent for these 
directions. This is expected because the amplitude mode 
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is the longitudinal fluctuation of the magnitude of the 
Fermi surface distortion, so its effect on the sound wave 
is maximum when the sound wave propagates along the 
major and minor axes of the elongated Fermi surface. 

e. Discussion and summary The sound wave has 
been studied to probe a broken symmetry, because of 
its possible coupling to an order parameter in an ordered 
state. In superfluid 3 He, the extensive theoretical and 
experimental studies of the sound wave were carried out 
especially because of its applicability of probing the com- 
plex order parameters. The coupling to Anderson- 
Bogoliubov mode, so-called phason mode, was studied, 
and it was found that its effect on the zero sound veloc- 
ity shift is order of (1/s) 2 = (v F /Ci) 2 « 1 in 3 HeM 



On the other hand, the phason mode in s-wave BCS su- 
perconductors is pushed up to the plasma frequency due 



to the presence of a long range Coulomb interaction. 1 14 



The coupling to the clapping mode in a p-wave supercon- 
ductors with broken time reversal symmetry state was 
studied, and it was found that its effect on the sound 
wave velocity shift is order of s 2 = (C'i/v F ) 2 << i.]1E| 

Here we studied the sound wave in the nematic Fermi 
liquid, where the rotational symmetry is spontaneously 
broken due to the quadrupolar density-density interac- 
tion between electrons. Without taking into account the 
coupling to the collective modes, the sound wave velocity 
shift is reduced in the nematic ordered state. Its reduc- 
tion is anisotropic, and it is maximum when the sound 
propagates along the major and the minor axes of the 
elliptical Fermi surface. The sound attenuation is weakly 
damped which is the same as that in the isotropic Fermi 
liquid. The dramatic change in the sound wave was found 
via its coupling to the Goldstone mode in the nematic 
Fermi liquid. The anisotropic and strong damping of the 
sound wave occurs in the nematic ordered state because 
of the following reasons. 1. The transverse fluctuation 
of the distorted Fermi surface in the nematic Fermi liq- 
uid couples to the sound wave. 2. The Goldstone mode 
is overdamped in the nematic ordered state due to the 
anisotropic Landau damping. Therefore, the sound wave 



becomes heavily damped via its coupling to the over- 
damped Goldstone mode, except when sound propagates 
along the major and minor axes of the elongated Fermi 
surface. While the presence of the lattice leads to a finite 
gap of the Goldstone mode, the effect of the Goldstone 
mode on the sound attenuation is qualitatively the same 
— anisotropic and strong damping of the sound. The am- 
plitude mode gives the additional and anisotropic damp- 
ing of the sound wave. 

A possible relevance of our finding can be found 
in the thermal conductivity measurement reported in 
]l6| . The dramatic suppression of the phononic ther- 
mal conductivity was observed in rare earth and Sr 
doped La2Cu04, which correlates with the occurrence of 
superconductivity. |l(J The conventional models based on 
enhanced phonon-defect scattering on alloying or conven- 
tional electron-phonon scattering fail to explain these ob- 
servations. The interpretation of the pronounced damp- 
ing of the phonons in the superconducting state was that 
the stripe correlations are dynamic which can be viewed 
as a nearly nematic order in the superconducting state, 
while it is either static or absent in nonsuperconducting 
state. The formation of the dynamic stripe correlation 
was suggested based the inelastic neutron scattering mea- 
surement on superconducting La2-^Sr^Cu04]l7t. 

In summary, we find that the behavior of the sound 
wave is dramatically different in the nematic Fermi liquid 
from that in the isotropic Fermi liquid. If the nematic 
Fermi liquid exists as a part of the rich phase diagram of 
a doped Mott insulator proposed in the behavior of 
the sound wave propagation should reflect the existence 
of the nematic order — the strong damping of the sound 
wave is accompanied. 
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